Abstract. By applying Wei, Li and Wu's notion (given in 'Generalizations of the uniformization theorem and Bochner's method in p-harmonic geometry ', Comm. Math. Anal. Conf., vol. 01, 2008, pp. 46-68) and method (given in 'Sharp estimates on A-harmonic functions with applications in biharmonic maps, preprint) and by modifying the proof of a general inequality given by Chen in 'On isometric minimal immersion from warped products into space forms ' (Proc. Edinb. Math. Soc., vol. 45, 2002, pp. 579-587), we establish some simple relations between geometric estimates (the mean curvature of an isometric immersion of a warped product and sectional curvatures of an ambient m-manifoldM m c bounded from above by a non-positive number c) and analytic estimates (the growth of the warping function). We find a dichotomy between constancy and 'infinity' of the warping functions on complete non-compact Riemannian manifolds for an appropriate isometric immersion. Several applications of our growth estimates are also presented. In particular, we prove that if f is an L q function on a complete non-compact Riemannian manifold N 1 for some q > 1, then for any Riemannian manifold N 2 the warped product N 1 × f N 2 does not admit a minimal immersion into any non-positively curved Riemannian manifold. We also show that both the geometric curvature estimates and the analytic function growth estimates in this paper are sharp.
where n i = dim N i , i = 1, 2 ; H 2 is the squared mean curvature of φ ; and f is the Laplacian of f on N 1 (defined as the divergence of the gradient vector field of f ). The equality sign in (1) . Finally, we provide several applications of our growth estimates. In particular, we prove that if f is an L q function on a complete non-compact Riemannian manifold N 1 for some q > 1, then for any Riemannian manifold N 2 the warped product N 1 × f N 2 does not admit any minimal immersion into any non-positively curved Riemannian manifold. In the last section, we provide some examples to illustrate that both the geometric curvature estimates and the analytic function growth estimates in this paper are sharp. Let K(e i ∧ e j ), 1 ≤ i < j ≤ n, denote the sectional curvature of the plane section spanned by e i and e j . Then the scalar curvature of N is given by
Preliminaries. Let
Let L be a subspace of T x N of dimension r ≥ 2 and {e 1 , . . . , e r } an orthonormal basis of L. The 'scalar curvature τ (L) of the r-plane section L', introduced in [4] , is defined by
For a submanifold N inM m we denote by ∇ and∇ the Levi-Civita connections of N andM m , respectively. The Gauss and Weingarten formulas are respectively given GROWTH ESTIMATES FOR WARPING FUNCTIONS AND APPLICATIONS 581
by (see, for instance, [2] )∇ 
for vectors X, Y, Z, W tangent to N. The mean curvature vector − → H is defined by
where {e 1 , . . . , e n } is a local orthonormal frame of the tangent bundle TN of N. The squared mean curvature is given by 
A C 2 function ϕ on M is said to be harmonic, subharmonic or superharmonic if we have ϕ = 0, ϕ ≥ 0 or ϕ ≤ 0 on M, respectively.
An isometric immersion φ : 
where
Proof. Put n = n 1 + n 2 and N = ∇ 1 × f N 2 . If we chose a local orthonormal frame e 1 , . . . , e n such that e 1 , . . . , e n 1 are tangent to N 1 and e n 1 +1 , . . . , e n are tangent to N 2 , then we have
for each s ∈ {n 1 + 1, . . . , n}. It follows from the equation of Gauss that the scalar curvature τ of N and the squared mean curvature H 2 of N inM m c satisfy (cf., e.g., [2] )
where h 2 is the squared norm of the second fundamental form h of N inM 
Then (12) becomes
If we choose an orthonormal frame e n+1 , . . . , e m of the normal bundle so that e n+1 is in the direction of the mean curvature vector, then we obtain
where h r ij = h(e i , e j ), e r . Equation (14) is equivalent to 
From the equation of Gauss and (10), we have the following at point x = (x 1 , x 2 ) ∈ N:
Therefore, by (12), (16) and (17), we obtain
where I 1 = {1, . . . , n 1 }, I 2 = {n 1 + 1, . . . , n} and maxK(x) denotes the maximum of the sectional curvatures ofM m c restricted to 2-plane sections of the tangent space
Since maxK ≤ c by the assumption, we obtain inequality (9). REMARK 3.1. For the most recent survey on inequalities similar to (9), see [6] .
Growth of warping function and mean curvature.
In the following, assume that N 1 is a complete non-compact Riemannian manifold and B(x 0 ; r) is the geodesic ball of radius r centred at x 0 ∈ N 1 .
We recall some notions from [7, 9] . |f | q dv < ∞.
And it has p-immoderate growth (or, simply, is p-immoderate) otherwise, where 
it has p-large growth (or, simply, is p-large) otherwise.
The above definitions of 'p-finite, p-mild, p-obtuse, p-moderate, p-small' and their counterparts 'p-infinite, p-severe, p-acute, p-immoderate andp-large' growth depend on q, and q will be specified in the context in which the definition is used.
From now on, we assume that N 1 is a complete non-compact Riemannian n 1 -manifold and f is a C 2 -function on N 1 . Denote byM m c a Riemannian m-manifold with sectional curvaturesK ≤ c for some real number c ≤ 0.
We have the following results. (ii) |∇ψ| ≤
Now, we assume that N 2 is a Riemannian n 2 -manifold and that φ : 
Then by integrating this expression over N 1 and applying Stoke's theorem we find
where we have used the fact ψ ≡ 1 on B(s). Hence, by Cauchy-Schwarz inequality and also condition (ii) on ψ, we have
On the other hand, it follows from assumption 'lim inf r→∞ 1 r 2 B(x 0 ;r) f m dv < ∞' that there exist a constant K > 0 and a sequence {r j } with r j+1 ≥ 2r j such that A j+1 ≤ K. From (37) we know that the corresponding sequence {Q j } is bounded from above by 4 C · K. So, after summing up (37) over j, we obtain
for each integer N > 1. Therefore, we get Q j → 0 as j → ∞. Consequently, f must be a constant, which is a contradiction.
Proof of Theorem 4.2. Assume that (26) holds everywhere on N 1 × f N 2 . Let a and Q a := Q a (0) > 0 be as in (35). It then follows from (34) and summing over j from 0 to that for every strictly increasing sequence {r j } ∞ 1 going to infinity and every r 0 > a, we have
Letting → ∞ , we get
in which q = m > 1. Thus, f is 2-severe, which is a contradiction.
Proof of Theorem 4.3. Assume that (26) holds everywhere on N 1 × f N 2 . Consider the general term in the finite series (39); we have
Since {r j } is arbitrary in (41), we can set a variable r = r j , let r j+1 → r = r j and obtain
Let t → ∞; we get
in which q = m > 1 by the Coarea formula. This contradicts the assumption that f is 2-obtuse. Proof of Theorem 4.6. This follows from the fact that every L q -function has 2-finite, 2-mild, 2-obtuse, 2-moderate, 2-small growth for the same q (cf. [9] ) and any one of Theorems 4. Proof. This follows immediately from Theorem 4.6.
Remarks.
REMARK 7.1. In views of our results, it is interesting to point out that there do exist isometric minimal immersions from a warped product N 1 × f N 2 intoM m c with c ≤ 0 such that the warping function f is 2-infinite, 2-severe, 2-acute, 2-immoderate and 2-large for any q > 1.
A simple example of this is the warped product R × e x ‫ޅ‬ n−1 (or R × e −x ‫ޅ‬ n−1 ) of constant sectional curvature −1 which can be isometrically immersed in H n+1 (−1) as a totally geodesic (hence minimal) submanifold. REMARK 7.2. Inequality (25) (resp. inequality (26)) on H 2 as the assumption for Theorems 4.1-4.5 (resp. assumption of Corollaries 4.1-4.5) is sharp. This can be seen from the following two examples (cf. [2] 
